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Abstract 

The goal of this paper is to find the homogenized equation of a 
heterogenous Fisher-KPP model in a periodic medium. The solutions 
of this model are pulsating travelling fronts whose speeds are supe- 
rior to a parametric minimal speed c* L . We first find the homogenized 
limit of the stationary states which depend on the space variable in 
many cases. Then, we prove that the pulsating travelling fronts con- 
verge to a classical uq := uo(t,x) of a homogenous reaction-diffusion 
equation. The homogenized limit no is also a travelling front whose 
minimal speed of propagation is given in terms of the coefficients of 
the problem. 

Keywords: homogenization, react ion- diffusion, front propagation, het- 
erogenous media. 

AMS Classification: 35B27, 35B45, 35K55, 35K57. 

1 Introduction and Setting of the Problem 

This paper is a continuation in the study of the propagation phenomena 
of pulsating travelling fronts solving a heterogenous reaction-diffusion equa- 
tion. The notion of travelling fronts arised in 1937 in the homogenous model 
of Fisher [11] and Kolmogorov, Petrovsky, and Piskunov [14]. This model 
describes certain population dynamics. In the one-dimensional case, it cor- 
responds to the following equation 

dxi d^u 

- = D— + ti(/i-ra),i>0,x6R. (1.1) 
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The unknown u = u(t, x) is the population density at time t and position x, 
and the positive constant coefficients D, \i and v respectively correspond to 
the diffusivity (mobility of the individuals), the intrinsic growth rate and the 
susceptibility to crowding effects. 

Later, many works extended the notion of travelling fronts to the no- 
tion of pulsating travelling fronts solving a heterogenous reaction-advection- 
diffusion equation in any dimensional space and in general periodic domains 
(see for example [1], [4], [5], [19], [20], [21], [22], [23], [24] and [25]). We will 
recall, after introducing the terms in our problem, the definition of pulsat- 
ing travelling fronts in the one-dimensional case. The references which were 
mentioned above can give a detailed and wide description of this notion in 
higher dimensions and in many general settings. 

In this paper, the setting is similar to that in El Smaily, Hamel, and 
Roques [10]. We consider the parametric heterogenous react ion- diffusion 
equation (L > is the parameter) 

^ = A (a L (x)^ ) +f L (x,u), teR,xem. (1.2) 



dt dx \ dx J 
The diffusion term ai satisfies 

o>l(x) = a,(x/L), 

where a is a C 2,a (R) (with 5 > 0) 1-periodic function that satisfies 

3 < ai < a 2 , Vx6l, ai < a{x) < a 2 . (1.3) 

On the other hand, the reaction term satisfies /l(x, •) = f(x/L,-), where 
/ := f{x,s) : K x R + — > R is 1-periodic in x, of class C l,a in (x,s) and 
C 2 in s. In this setting, both cll and fi are L-periodic in the variable x. 
Furthermore, we assume that: 

VxGM, /(x,0) = 0, 

3M>0, Vs>M, VieR, f(x,s)<0. { ' 

In the main result of this paper, we need the assumption 

Vx el, Vs G (0, M), f(x, s) > 0. (1.5) 

Moreover, to ensure the existence of pulsating travelling fronts, we assume 
that / satisfies the following condition 

Vx6R, s i — ► /(x, s)/s is decreasing in s > 0. (1.6) 
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Let, for each s £ 



-1 

9(s) ■= I f(x,s)dx =<f(-,s)> A 



< ■ >a stands for the arithmetic mean of a function). Then (1.4) and (1.6) 

ield that g(0) = 
Moreover, we set 



yield that g(0) = 0, g(s) < for all s > M, and s i— > - — is decreasing in s 



and 



p(x) := lim f(x,s)/s, 



Hl{x) := lim f L (x, s)/s = fi ( y ) . 



The growth rate \x depends on the position x. The more favorable the region 
is, the higher the growth rate /j, is. 

The stationary states p(x) of (1.2) satisfy the equation 

^ L (x)-^-)+f L (x, P ) = 0, xeR. (1.7) 



dx \ dx / 

Under general hypotheses including those of this paper, and in any space 
dimension, it was proved in [4] that a necessary and sufficient condition for 
the existence of a positive and bounded solution p of (1.7) was the negativity 
of the principal eigenvalue pi s L of the linear operator 

Co : $ h+ -(a L (x)&)' - Hl(x)$, 

with periodicity conditions. In this case, the solution p was also proved to 
be unique, and therefore L-periodic. Actually, it is easy to see that the map 
L i— > Pi,l is nonincreasing in L > 0, and even decreasing as soon as a is 
not constant (see the proof of Lemma 3.1 in [10]). Furthermore, px,i ~^ 

— / p(x)dx as L — > + . In this paper, the assumption (1.5) yields that fx(x) 
Jo 

is positive everywhere and hence 

L 

p(x)dx > 0. (1.8) 



o 

This guarantees that 

V L > 0, p 1>L < 0. 

Now, we recall the definition of pulsating travelling fronts in the one- 
dimensional case: 
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Definition 1.1 (Pulsating traveling fronts) A function u = u(t,x) is 
called a pulsating traveling front propagating from right to left with an effec- 
tive speed c ^ 0, if u is a classical solution of: 



I Wk e Z, V(t,x) e R x R, u(t + — ,x) = u(t,x + kL), (19) 

c v ' 

< u(t,x) < p L (x), 
lim u(t,x) = and lim u(t,x) — pl(x) = 0, 

k X— >— OO X— > +oo 

where the above limits hold locally in t. 

This definition was given in any space dimension in [1] and [22] whenever 
the stationary state pi = 1 and in [5] whenever pi ^ 1. 

For each L > 0, assuming (1.3) on the diffusion a, (1.4), (1.6) and (1.8) on 
the nonlinearity /, the results of [5] yield that there exists c* L > such that 
pulsating traveling fronts of (1.9) propagate with a speed c exist if and only 
if c > c* L . The value c* L is called the minimal speed of propagation. We refer 
to [2, 3, 8, 9, 10, 12, 15, 16, 17, 18, 21] for further results on the existence 
and properties of the minimal speed in the KPP case. 

In El Smaily, Hamel, Roques [10], the homogenized speed was found by 
calculating the limit of c* L as L — > + . Precisely, Theorem 2.1 in [10] yields 
that 



denote the arithmetic mean of \i and the harmonic mean of a over the interval 
[0,1]. This result was proved rigorously and it generalized the formal and 
numerical results of [13]. 

Having (1.10), there arise several questions about the homogenized equa- 
tion of (1.9), the nature of the homogenous limit of the pulsating travelling 
fronts ul and the type of convergence of {ul} l as the periodicity parameter 
L — > + . The main goal of this work is to answer these questions. After get- 
ting the homogenized equation of (1.9), a sharp lower bound of liminfi_» + c \ 
will be a direct consequence. It can be used as another argument to prove 



In this paper, some difficulties arise in finding iJ^IR x M) estimates, in- 
dependent of L, for a sequence of pulsating travelling fronts {ul} l and for 




lim c* L = 2y/<a> H <H>a, 



(1.10) 



where 




(1.10). 
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the corresponding sequence ia^ — —\ . In fact, each pulsating travelling 

front ul satisfies a sort of (t, x)-periodicity (see the second line of (1.9)). This 
fact makes the procedure leading to the desired estimates indirect. Another 
difficulty comes from the dependance of the stationary states pl on the space 
variable x. This is due to the choice of a wider class of heterogeneous nonlin- 
earities in the present work. We mention that the situation becomes simpler 
if we assume that there is a positive value Sq such that f(x, sq) = for any 
x G R and that f(x, s) > in R x (0, sq). Indeed, this yields that pi = so 
for all L > (see [4] and [5] for more details). 

2 Main Results 

Before going further in this section, we recall that the function g defined by 

Vs G R, g{s) = [ f(x,s)dx 
Jo 

satisfies g(0) = 0. Moreover, (1.8) yields that 
9>(0) = lim f f^A 



i 

fi(x)dx > 0. 



o 

Owing to (1.4) and (1.6), the map s i— > ^— is decreasing and g(s) < for all 
s > M. Consequently, the function g admits a unique positive zero denoted 
by pp. 

The following lemma gives many convergence results of the sequence 
{Pl}l>o °f stationary states as L — > + : 

Lemma 2.1 (The homogenized stationary state at +oo) Assume that 
the diffusion a = a(x) satisfies (1.3) and the nonlinearity f satisfies (1-4) 

and (1.6) together with / fi{x)dx > 0. Let {L n } ne ^ be a sequence of po si- 
Jo 

tive real numbers in (0, 1) such that L n — > + as n — » +oo. Let p denote the 
unique positive zero of the function g(s) :=< f(,s) >a ■ For each n G N, 
the function pi n := Pl„(x) denotes the unique stationary state at +oo of the 
equation (1.7) with L = L n . Then, 

i) The sequence {pL„} n eN is bounded in Hl oc (R). 

ii) Pl„ Po i n HLc^M) wea >k an dpL„ Po i n Lfoc^M) strong as n — > +oo. 
Hi) Pl„ —> Po i n C®f c (R) as n — > +oo for all < 5 < 1/2. 
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Remark 2.1 We mention that the assumption (1.5) is not needed in Lemma 

2.1. Actually, concerning the nonlinearity f, we assume that / /j(x)dx > 

Jo 

in order to guarantee the existence and the uniqueness of the stationary state 
Pl solving (1.7) for each L > 0. The results of Lemma 2.1 hold in the cases 
where the sign of fi may be positive in some regions (favorable regions) and 

negative in others (unfavorable regions) provided that / fi{x)dx > 0. 



Now, we announce the homogenized equation of (1.9) and many conver- 
gence results of {wl}l>o as L — > + in the following theorem: 

Theorem 2.1 Assume that the diffusion a satisfies (1.3) and the reaction f 
satisfies (1.4-1-5) and (1.6). Let {L n } n( z^ be a sequence of positive numbers 
in (0, 1) such that L n — » + as n — > +oo. For each n G N, let (cz, n , u Ln ) be 
a pulsating travelling front solving (1.9) for L = L n and propagating with 
the speed cl„- Assume that {cL n }nen converges and call c := lim cl„ > 

71— t + OO 

(a justification will be given in the proof). On the other hand, let u (t,x) = 
Uo(x + ct) denote a travelling front propagating from right to left with the 
speed c and which is a classical solution of the homogenous reaction- diffusion 
equation 

=< a > H -qJ- + g(u ) m Ixl, (2.1) 

with U (—oo) = and U (+oo) = p in C? oc (M). Then, 

i) u l„ ~ *> Uq asn-> +oo in H}- oc (R x M.) weak and in Lf oc (M. x M.) strong. 

ii) For any t 6 I, UL n (t, •) — > M (t, •), as n — >• +oo, in Cj°'f(R) for all 
< 5 < 1/2. Furthermore, 

c = lim c Ln > 2^<a> H </2> A = 2y / <a> H g'(0). (2.2) 

n— >+oo 



Remark 2.2 We mention that other homogenization results were found by 
Caffarelli, Lee and Mellet [6, 7] in the case of combustion-type nonlinearities. 

As an application of the above theorem, we give the sharp lower bound of 
liminfi_» + c *l which was proved in [10] using other techniques: 

Corollary 2.1 (A Sharp lower bound of liminfc^) Under the same as- 
sumptions of Theorem 2.1, one has 

liminf c* L > 2J<a> H <h>a- (2.3) 
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Proof of the corollary. It will be proved, in Step 1 of the proof of 
Theorem 2.1, that liminf c* L > 0. Thus, we can take a sequence {L n } n£ ^ in 

(0, 1) with L n — > as n — ► +oo and such that 

c := liminf c* T = lim c* T . 

A direct application of (2.2) leads to the inequality (2.3); and hence, com- 
pletes the proof of Corollary 2.1. □ 



3 Proofs of the announced results 

Proof of Lemma 2.1. The proof of Lemma 2.1 will be divided into three 
steps: 

Step 1: Convergence to a constant limit p*. Under the assumptions 
of Lemma 2.1 on /, it follows from [4] that for each L > 0, the function pl 
solving the equation 

(a L (x)p' L )' + f L (x,p L ) = 0,3:61 (3.1) 

is unique, positive, L-periodic and 

VI>0, VxeR, 0< p L {x) < M 

where M is the constant appearing in (1.4). 

One can directly conclude from above that the sequence {pL„}nen is 
bounded in Lf oc (M). Now, we fix L > 0, multiply the equation (3.1) by 
Pl and then integrate by parts over any interval of the form [—kL, kL] where 
fcGN. Owing to the L-periodicity of pl, we get 

/kL rk 
a(-)(p' L ) dx = L / f(x,p L (Lx))dx. (3.2) 
-kL L J-k 

Consider the values of L included in the interval (0, 1) and let /C be any 
compact interval of R. For each L > 0, we denote 



k, 



\JC[ 
2L 



l e N, 



where \JC\ stands for the Lebesgue measure of the interval /C and [•] stands 
for the integer part of a real number. One consequently has \JC\ < 2k^L < 
|/C| +2L and /C C [— kLL + mL, kiL + mL] for some integer m G Z depending 
on /C and L. 
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Owing to the L— periodicity of fi, and pi with respect to x together 
with the assumption (1.3) on the diffusion a, and using (3.2), we obtain 

/kL+mL pkL pk 

a(-) {v'jfdx = / a(-) (p' L fdx = L / f(x,p L (Lx))dx. 
-kL+mL L J-kL L J-k 

Consequently, for any compact interval JC in R, we have 

V0<L<1, I {p' L f dx<C{K), (3.3) 
Jk 

-|- 2 

where C(K) := max I f(x, s)\ is a positive constant indepen- 

v ' ai (x,s)e[o,i]x[o,M] 1 v n 

dent of L and depending on the size of the compact /C. In other words, the 
sequence {pL n }n&i is bounded in H l (JC) for any compact K C R and this 
completes the proof of part i) of the Lemma. 

Furthermore, we can conclude that there exists G //^ C (R) such that, 
up to extraction of a subsequence, pl„ — £>* in if/ oc (R) weak and pz, n — > 
in L 2 0C (R) strong as n — > +oo. 

Using Sobolev injections, we have H l {1C) is embedded in C°' 1//2 (/C). Thus, the 
sequence {pL n }neN is bounded in C°' 1//2 (/C). Compact embeddings (Schauder's 
estimates) and the uniqueness of the limit yield that, up to a subsequence, 
PL n P*, as n — ► +oo, in C^f(R) for all < 5 < 1/2. But since each 
function is L n -periodic (with L n — ► + as n — ► +oo), it follows from 
Arzela-Ascoli theorem that has to be constant over R. 

Step 2: The constant limit is positive. To achieve this goal, we 
will compare the stationary states pl with the principal eigenfunctions $l of 
the eigenvalue problem 

£o<5>l := -(a L (x)& L )' - Hl(x)®l = PiA in R, (3.4) 

which are L-periodic and positive in R. 

First, we divide (3.4) by $l and then we integrate by parts over [0, L\. It 
then follows from the L-periodicity of $x, and the coefficients of Cq that 

VL>0, -J aL {^) - J Kx)dx = Pi,l- 

Hence, 

VL>0, p hL < pi := - / fi(x)dx<0. (3.5) 

Jo 

Next, due to the uniqueness up to multiplication by a nonzero constant of 
3% we can assume that ||$l||oo = 1 for every L G R. Since the function 



S 



f(x, s) is 1-periodic in x and of class C 1 on K x E + , one can then find Eq > 
such that 

VO < S < £ ,Vl G E, f(x, S) - fi(x)8 > yS. (3.6) 

Having < ^o^l < ^o? we get from (3.5) and (3.6) that 

-{a L e <5>' L y - /(|-, e $l) = Pi,l£o$l + e p L (x)$ L - /(|-, £ $l) 

< Pi^l - y^o^L (3.7) 
= y^o^L < in E, 

for all L > 0. 

Let us now fix any L > and, for simplicity, denote 

^ L := E $ L . 

We recall that the functions pi and ipi = £q&l are both positive and L- 
periodic. Hence, we can define 

7* := sup{7 > 0, p L > > 0. 

Assume to the contrary that 7* < 1. From the assumption (1.6), we have 
f(x, > l*f(x,ipi) for all x G E. Referring to (3.7), the following 

inequality then holds 

- (flLTVi)' - /(f , 7>l) < in E. (3.8) 

Set z := pi — l*ipL- Then z > 0, and there exists a sequence x n G E such 
that z(x n ) — > as n — > +00 (by definition of 7*). Owing to the periodicity 
of one can then assume that x n G [0, L]. Hence, up to extraction of some 
subsequence, x n — > a 7 G [0,L]. From continuity, = 0. Besides, it follows 
from (3.1) and (3.8) that there exists a continuous function b = b(x) such 
that the nonnegative function z satisfies 

(a L z')' + b(x)z < inE. 

The strong maximum principle implies that z = 0; and hence, £>l = 7*^l- 
This contradicts with (3.8). Consequently, the assumption that 7* < 1 is 
false; and thus, pi > 7*^l >ipL = £q$l in E. One then concludes that 

VL > 0, maxpi(x) = max pAx) > ^oII^lIIoo = ^o- 
xeR xe[o,L) 
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On the other hand, the constant limit to which the L n -periodic functions 
Pi n converge uniformly on every compact of R as n — > +00 (L n — > + ) 
satisfies p* > lim inf n ^ +00 maxp^ n (x). Therefore, p* > eo > 0. 

Step 3: The constant limit is equal to pq. For each L > 0, we 

call 

q L (x) = a L (x)p' L (x), x e R. 
Equation (3.1) can be rewritten as 

VL>0, q' L + f(^p L ) = 0inR. (3.9) 

Consider any compact interval K, of R and, for each L, let ki > be the 
integer defined at the end of Step 1. From equation (3.9) one has 

V0 < L < 1, I" {q' n f = L [ " f 2 {x,p L {Lx))dx. 

J-k L L J-k L 

Also, we have < pl < M for all L > 0, where M is the constant appearing 
in (1.4). Thus, for each compact interval JC of R, there exists a constant 
Ci(/C) := (I /CI +2) max |/ 2 (x, s)|, which depends only on /C, such that 

[0,l]x[0,M] 

V0 < L < 1, / (g^) 2 (x)c/x < d(/C). (3.10) 

Having {L n } n as a sequence of positive numbers in (0, 1) such that L n — > + 
as n — > +00, we write p n = and g n = g^ n . The assumption (1.3) together 
with (3.3) yield that {q n } n is bounded in L 2 (/C). Finally, the sequence is 
{q n } n is bounded in if/^R). Arguing as in Step 1, we can conclude that 
there exists a constant go such that q n — ^ go in Hl oc (R) weak, g n — > g 
in L 2 oc (R) strong, and q n — > go in Cf f(R) for all < 5 < 1/2. However, 

f{—,p n ) — > ^(p*) in L°°(R) weak-* as n — ^ +00. Passing to the limit as 

n — > +00 in equation (3.9) (where L = L n ) implies that g(p*) = 0. Referring 
to the properties of the function g which are mentioned at the beginning of 
Section 3 and owing to the positivity of the constant p*, we conclude that 
P* = Po- Eventually, this completes the proof of Lemma 2.1. □ 

Proof of Theorem 2.1. This proof will be done in four steps: 

Step 1: A rough lower bound for the speeds c^ n proving "c > 0". 

From the results of [5], each pulsating travelling front ul h exists if and only 
if CL n > c* Ln . Moreover, for each L > 0, the minimal speed c* L is positive and, 
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from [5] (see also [3] in the case when p = 1), it is given by the variational 
formula 

. k(X,L) k(Xl,L) 
c L =rm n x = > ( 3 - n ) 



a>o A A^ 



where A^ > and k(X, L) (for each A 6 R and L > 0) denotes the principal 
eigenvalue of the problem 

(°£0a l) + 2 ^ a L<P'x l + -^ a L0A,L + X 2 a L (px,L + Hl4>\,l = k(X, L)(j) X ,L in ffi, 

(3.12) 

with L-periodicity conditions. In (3.12), 0a,l denotes a principal eigenfunc- 
tion, which is of class C 2,a (M), positive, L-periodic and unique up to multi- 
plication by a positive constant. Dividing (3.12) by 0a, l and integrating by 
parts over [0, L], we get from the L-periodicity of and </>a,l : 

Lk(X, L) = f L a L (^) + A 2 f L a L + f fi L , 

Jo V0A,L/ Jo Jo 

for all A > and for all L > 0. Consequently, 

V A > 0, V L > 0, k(X, L) > A 2 «i+ </i> A , (3.13) 

where <fi>A= / n(x)dx > 0. Hence, 
Jo 

VL > 0, > min fActi H ^ — — ^ = 2-v/oi <u>a- 

a>o V A ) 

Therefore, 



c := lim Ci n > lim inf > 2^0^ </j>a > 0. 

n— >+oo n— >+oo n 

Step 2: Normalization of u^. We start by considering the change of 
variable 

ML > 0, x) := <^z,(x + c^t, x) = <Pl{s, x), (t, x) G K x R. 

It follows from (1.9) that is L— periodic with respect to x and it satisfies 
the equation 

d x (a L d x ip L ) + a L d ss ip L + d x (a L d s ip L ) + d s {a L d x (p L ) - c L d s ip L + / L (z, y2 L ) = 

(3.14) 

for all (s, i) 6 M x 1 Moreover, by the construction of (pi which led to 
the existence of ul in [5], and due to the L— periodicity of <fi, one has 
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<Pl(s,x) — > as s — > — oo and <pl(s,x) — ► as s — > +00 in C 2 (R) (in 
fact, this follows mainly from the standard elliptic estimates and from the 
periodicity of ipi with respect to x). As a consequence, it was proved in [5] 
that 



VL > 0, ul(— 00, x) — and u^(+oo, 2) = p(x) in Q 



Then, the (t, x)— periodicity of the functions ul led to the limiting conditions 
lim iiL(t,x) = and lim ui(t,x) = p(x) locally in t. 

x~ > — oo x— >+oo 

Now, we define the function 



VL > 0, Il(s) = / ui,(t + s, x)dtdx, 

i(0,l) 2 

which is continuous over R. We notice that for each L > 0, the function ul is 
increasing in the first variable (time), hence II is increasing in s G R. Also, 
II satisfies lim Jl(s) = and 

lim = / pi{x)dx > min pl(x) > — > 

for L small enough (by the L-periodicity and the uniform convergence of pi 
to p as L — >• + ). Consequently, one can assume that, up to a shift in time, 

VL>0, // u L (t,x)dtdx = ^. (3.15) 

ii(o,i)x(o,i) 2 

Step 3: Boundedness of {u Ln } n and {aL„^«L n } n in ^^(R x R). To 
simplify notations, we consider a family {(c^, ^l)}o<l<i of pulsating travel- 
ling fronts solving (1.9) with 

< c < c L < c 

for all < L < 1, where c and c are two positive constants. We mention 
that, for the sequence {{cl„, UL n )}nen which we consider in Theorem 2.1, we 
have c = 1^Ja\ <h>a (see Step 1) and c = sup cz,„. 

n.eN 

Since (p L (—oo,x) = and <£>l(+oo, x) = p(x) in C 2 (R) (for each L > 
0), it follows then that V SiX (Pl(— 00, x) = 0, g> x <£e,(+oo, 2) = p' L (x), and 
9 s </?l(+oo, 2) = uniformly in x G R. Integrating (3.14) by parts over R x 
[— kL, kL] (where L > and G N) and using the L— periodicity of <fL with 
respect to x, we then get 

// f{y,<PL{s,x))dsdx = c L p L (x)dx - a L p' L (x)dx, 

Rx(-kL,kL) 



12 



or equivalently 

// f(j,u L (t,x))dtdx = I p L (x)dx — — J a L p' L (x)dx. (3.16) 

J J *-> J-kL C L J-kL 



lx(-kL,kL) 



As done in the proof of Lemma 2.1, we take any compact interval K C I 
and we define Ul € N as before. We apply (3.16) for k = k^. Having < 
u L (t,x) <p L < M for all (t,x) GlxR and owing to (1.3), (1.5) and (3.3), 
one then gets 

< II f{j, u L (t, x))dtdx < C 2 {K) := M{\K\ + 2) + — y/C(K) (3.17) 

for all < L < 1. The constant C2(/C) is independent of L. 

Multiplying (3.14) by <pl and integrating by parts over R x (—kL,kL), 
we obtain 



f f AW* =-fj 



lx(-kL,kL) 

okL 



dtpi 
dx 



+ a L 



ChfiL 

ds 



2a L 



d(p L d(p L 
dx ds 



dsdx 



+ 



J a L p L p L dx + J J /(p^(s,i))^i 



lx(-kL,kL) 



+ 



X 



du L 
dx 



x(-kL,kL) 
2 

dtdx- 



kL 



a L p' L PLdx 



kL 



/(y, u L {t,x))u L dtdx. 



lx(-kL,kL) 



(3.18) 

Notice that the last integral in (3.18) converges because of (3.17) and < 
f(x/L,u L )u L < Mf(x/L,u L ) in R x R. Moreover, 



VL > 0, 
Consequently, 



kL 



ahP' L PLdx 



kL 



< ot 2 M(2kL) 



1/2 



kL \ 1/2 
/ 2 
Pi 

fcL 



dx 



dtdx < C 3 (/C), 



(3.19) 



is independent of 



where C 3 (/C) := — MC 2 (JC) + a 2 M{2 + |/C|) 1/2 x/^) 
L. 

Now, we multiply (3.14) by d s (pL and we integrate by parts over R x 
(—kL, kL). We notice that, from the L— periodicity with respect to x of the 
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function <p L and its derivatives together with the limits of d s <pL and d x ipL as 
s — > ±00, we have 

JJ d x (a L d x ip L )d s ip L = ~\JJ d s {a L {d x ip L ) 2 ) = ~ J a L p'ldx, 

Rx(-kL,kL) Rx(-kL,kL) ^ 

while 

JJ d x (a L d s (p L ) + d s (a L d x (p L ) = 0. 

Mx(-kL,kL) 



Thus, 



Cl II ( ~&f ) = ~\ I a LV'l dx + J F(?jr,p L (x))dx, 



lx(-kL,kL) 



where F(y, s) = / f(y, r) dr. Hence, 
Jo 

ff ( du L \ 2 f kL x f kL x 

JJ \~dt~) dtdx - CL J F(—,p L (x))dx < c J F(—,p L (x))dx. 



lx{-kL,kL) 



(3.20) 

Consequently, for all < L < 1, 



x/C 



r\ \ 2 /•/• / r\ \ 2 



dt J ~ JJ \ dt 

lx(-k L L,k L L) 



dtdx< // hr dtdx<C A {K), (3.2i; 



where C 4 (/C) := c (2 + l/CI) max -F(x, s) is a positive constant which is 

(x,s)eM.x[0,M] 

independent of L and depending only on the compact /C. 
Denote 

VL{t,x) = cll\x)— — [t,x) and WL{t,x) = -^-(t,x) m K x JR. 

As already underlined, it follows from [5] ( and [1] in the case p^ = 1) that 

w L = > in R x I for each L > 0. We shall now establish some 

at 

estimates (independent of L) for the functions Vl and wl, in order to pass 
to the limit as L — > + . Notice first that standard parabolic estimates and 
the (t, x)-periodicity satisfied by the functions ul imply that, for each L > 0, 
ul(— 00, x) = and m l (+oo,x) = pi(x) in Cf oc (IR), and wl(±oo,x) = in 
C/ oc (IR). On the other hand, (3.21) yields that for each compact K, and for 
each L, \ \wl\ \l 2 (RxK) < a/C(/C). Now, we differentiate (3.14) with respect 

11 



to t (actually, from the regularity of /, the function wl is of class C 2 with 
respect to x). There holds 

dwL d ( , .dwi\ ,., ,x 



dt dx 



(Q 11) L \ X 
aL ^~dx~ ) + ^(^u L )w L in 



Multiply the above equation by wl and integrate by parts over M.x(—kL, kL). 
From (1.3), (3.20) and the fact that < u L < M, it follows that 



// 



dw L \ 2 2kLr]c L 
dtdx < 



dx J ai 



Rx(-kL,kL) 

where 77 is the positive constant defined by 



V = 

(x 



»n \fu(x,u)\ max|F(x,M)| > — // f' u (j,u L )w 2 L dt dx > 0. 
u)eMx[o,M] zeR ZkL J J L 



lx(-kL,k.L) 



Then, for each compact /C C M, there exists a constant C'(JC) > depending 
only on /C such that 

V0<L<1, J J (j^J dtdx<C'{K). (3.22) 

We pass now to the family {vA^. Actually, v L = a^— — and < «i < a L < 

ox 

ot2 for each L > 0. Thus, (3.19) yields that for each compact /C of R and for 
each < L < 1, | \vl\ \l 2 (rxK) < ^C^K.). Furthermore, (1.9) implies that 

VL>0, ?£ = ?£-f(?L,u L ) inKxl, 

while < fix I L,uAt,x)) < ft in M x 1 where k = max f(x,u) > 

Rx[0,M] 

is independent of L. Together with (3.21), one concludes that any family 
{dvi/dx} 0<L<1 is bounded in Lf oc {R x M) by a constant independent of L. 
On the other hand, 

VL > 0, -f = a L — - = a L —± inMxR. 
at otox ox 

Owing to (1.3) and (3.22), any family [ ^1 is bounded in Lf oc (MxM). 

I &t ) 0<L<1 

Step 4: Passage to the limit asn-> +00 (L — > + ). In this step, we 
consider the sequence {L n }„ g N of Theorem 2.1 which is in (0, 1) and which 
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tends to as n — > +00. As a consequence of the previous step, {vL n }nm 
is bounded in H^ C (R x R). The estimates (3.19) and (3.21) imply that the 
sequence {mlJ^n is bounded in Hl oc {R x R). Thus, there exist uo and Vq in 
H} oc (M. x R) such that, up to extraction of a subsequence, ul„ uq, vl u — > t> 
strongly in i^ 2 oc (R x R) and almost everywhere in R x R, 



<9u Ln du Ln \ ( du du Q 



dt ' dx J \ dt , dx 



weakly in L 2 loc { 



and 



/ dv Ln 




( dv 


dv \ 


1 9* 


9a; / 


{ dt ' 


dx ) 



^P, ^ 1 weakly in Lf 0C (R x 



as n — ► +00. However, a L : — ^ < a 1 >^=< a in L°°(R) weak-* as 

n — > +00. Thus, 



9ltL n w Ln W 



9x a Ln < a> H 



weakly in L loc (R x R) as n — > +00. 



By uniqueness of the limit, one gets Uo =< a >h -fA- On the other hand, 

ox 

x 

/( — , Wi n ) — > ^(ito) i n £°°(R) weak-* as n — > +00. Passing to the limit as 

n — > +00 in the first equation of (1.9) with L = L n implies that Uq is a weak 
solution of the equation 

= ^ + 9{uo) =< a >H^ + 9(u ) m V(R x R). 

From parabolic regularity, the function u is then a classical solution of the 
homogenous equation 

=< a > ff + 0(«o) m R x R, 

such that < u < 1 and -7-^ > in R x R. Lastly, 

at 

u (t, x) dtdx = 7^ 
(o,i) 2 2 

from (3.15). Now, referring to the fact that {^L n }neN is bounded in if/ oc (R x 
R), we can say that for any t G R, the function w(t, •) is bounded in i^ c (R). 
Then, we can conclude that, for any t G R, {«£„(£, -)}«eN is bounded in 
C° 'y 2 (R) by Sobolev's embeddings. Hence, up to extraction of a subsequence 
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and due to the uniqueness of the strong limit in Lf oc (W x R), UL n (t,-) — * 
u (t, ■) as n -> +00 in C° 'f (R) for any i el and for all < 5 < 1/2. Having 
< Ul„ < Pl u in 1 x 1 for all n G N, the results of Lemma 2.1 and the 
previous discussion then lead to < uq < po in R x R. On the other hand, 
it follows from the second equation of (1.9) that 

V7 G R, u (t+ -,x) = u (t,x + 7) inRxR, 
c 

where c = lim Ci n > 0. In other words, u (t, 2) = £/o(^ + ct), where C/o is 
a classical solution of the equation 

cUq =< a > H Uq + < fi > A g(U ), inR (3.23) 

that satisfies U' Q > in R, < Uq(s) < po for ah s G R, and 

1 / rcs+i \ 

f/oj ^ = y • (3.24) 

Standard elliptic estimates on (3.23) imply that Uq converges as s 
±00 in Cf oc (R) to two constants Uq G [0,po] suc h that g(U ) = 0. The 
monotonicity of Uq, the normalization (3.24) and the nature of the function g 
imply that Uq = and Uq = Pq. In other words, Uq is a usual travelling front 
for the homogenized equation (3.23) with a speed c and limiting conditions 
and Pq at infinity. Since the minimal speed for this problem is equal to 
2a/< a >h g'(0) = 2^< a >h< \^ >a, one concludes that 



c > 2y/< a > H < fi > A , 
which proves (2.2). Eventually, the proof of Theorem 2.1 is complete. □ 
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